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equations are not simultaneous. If the applied loads are
constant in time, the equations have constant coefficients
and the solutions can be put into exponential form. Other-
wise a power series solution or a numerical procedure is
necessary.
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Stress Waves in Layered Thermoelastic Media
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When high-intensity electromagnetic energy impinges on an elastic media, energy is de-
posited internally by photoelectric absorption and scattering. A spatially nonuniform heat-
ing is produced with deformation waves being generated in the media. The transient stresses
resulting from such an energy deposition in an initially undisturbed layered media is investi-
gated. The internal energy deposition is considered to be equivalent to an internal heat
generation varying exponentially with the distance from the exposed surface. Energy is de-
posited internally according to a different law in each layer. The energy deposition is as-
sumed to occur in a time negligible in comparison to a characteristic mechanical response
time. Only spatial variations normal to the plane of the layers are considered. The equa-
tions of linear, uncoupled thermoelasticity, assuming constant material properties, are ap-
plied to a two-layer media. A boundary value problem is formulated and solved exactly
neglecting heat conduction. Numerical examples are presented for several cases showing
the effect of specific energy deposition functions, material thickness ratio, and material
parameters. A complete description of interior stress reflection is presented. The influence
of energy deposition and other material parameters on the interfacial bond stress is shown.
Relatively small changes in layer parameters may have a marked effect on the maximum
stress, depending on the manner in which the generated stress waves combine.

Introduction

MOST solids exhibit some opacity to electromagnetic radi-
ation with energy being deposited in the media as a re-

sult of photoelectric absorption and scattering. Energy is
propagated into the media at velocities comparable to the
speed of light with, in some cases, a time pulse width such that
deposition is complete in times on the order of 10~8 sec. This
input time is substantially less than the time for an elastic
dilatation wave to travel through the medium a characteristic
distance. For metallic structures, using a characteristic
length of 1 cm, this typical mechanical response time is on the
order of 10~6 sec. The deposition of energy as a function of
depth penetrated depends on the energy spectra of the radi-
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ation. The deposition (or absorption) law is an exponential
decreasing function for monochromatic radiation.

Because of the extremely short-time duration of deposition,
elastic deformation waves are generated. ̂  White1 studied the
effects of absorption of radiation created by high-power,
pulsed light sources. Zaker2 investigated elastic stress wave
generation in an elastic half-space and in a homogeneous elas-
tic slab caused by absorption of energy at microwave fre-
quencies. Morland3 studied the effect of electromagnetic
absorption in an elastic half-space; Hegemier and Morland4

investigated the effect in a viscoelastic half-space. No at-
tempt has been made in these investigations to include the
effect of nonhomogeneous media.

Many modern aerospace structures are composed of plate
and shell-like sections formed as laminates with two or more
layers of different materials. They arc joined either by
molecular bonding or by a bond with finite thickness and
elasticity. Adhesion failure due to transient loading produc-



938 H. E. GASCOIGNE AND I. K. McIVOR AIAA JOURNAL

Region 1 Region 2 Fig. 1 Definition
of coordinate

"x system and
energy deposition

distribution.

ing large interface bond stresses may be extremely important
in causing over-all structural failure.. Goland and Reissner5

were early investigators in bonded joints. Payton6'7 investi-
gated dynamic bond stresses in composite shells and rods sub-
jected to sudden application of external loading.

The purpose of the present work is to determine the tran-
sient mechanical response of an initially undisturbed composite
media formed by two-finite thickness plane layers with dif-
ferent material properties. These layers are joined by an
interfacial molecular bond. The media is subjected to elec-
tromagnetic energy deposition uniformly over the lateral sur-
face, with the deposition occurring in a time small compared
with a defined mechanical response time. It is assumed that
the lateral dimensions of the layered structure are large com-
pared to its thickness. Edge effects are neglected. Hence, a
one-dimensional representation is assumed accounting for
variation through the thickness of the layered media. Con-
sidering the energy deposition as equivalent to a spatially
varying internal heat source, the equations of linear thermo-
elasticity are applied to the layered media. A boundary
value problem is formulated neglecting thermomechanical
coupling and heat conduction. Thermomechanical coupling
is neglected because of its generally small effect, and heat con-
duction is neglected based on the results obtained in Ref. 9.

A Laplace transform solution method is used because of the
ease in which traveling discontinuities may be treated. The
transform problem is solved for all values of time with the
realization that only small time behavior will generally be
valid because heat conduction is neglected. Numerical ex-
amples are presented for several cases showing the effect of
specific energy deposition functions, material thickness ratio,
and other material parameters. A complete description of
interior stress reflection is presented. The interfacial bond
stress is calculated because of its importance.

Governing Equations

The layered media, Fig. 1, is suddenly subjected to uniform
normally incident electromagnetic energy flux E{nc per unit
time impinging onto the surface at x = 0. In general, energy
is deposited internally according to a different law in each
layer resulting in a discontinuous deposition occurring at x =
a, as shown in Fig. 1.

The governing equations follow from the well-known theory
of linear therrrioelasticity. Their derivation may be found in
Ref. 8. Here we consider constrained uniaxial motion of the
layered media. Thus the only nonzero displacement com-
ponent is

u = u(x,t) (1)
The only nonzero strain is

ex(x,t) = [<>u(x,t)]/t>x (2)
The corresponding nonzero stresses for a linearly elastic, iso-

tropic material are
<rx(xfi = (X + 2M)[du(z,0/e>*l - (3X + 2M)a>0(z,0 (3)
<ry(x,t) = <rz(z,0 = \[du(x,t)/dx] - (3A + 2/x)a0(z,0 (4)
where X and /* are the Lam6 constants, a is the coefficient of
thermal expansion, and 0 is the temperature rise above the
initial reference temperature. The appropriate values of the
material constants are used for the two regions.

The equation of motion is

where p is the mass density. Finally, neglecting heat conduc-
tion and thermomechanical coupling, the energy equation is

Q(x,t) = pSd0(z,0/& (6)
where $ is the specific heat at constant strain and Q is the
internal heat generation. Equations (5) and (6) hold in each
layer as shown in Fig. 1.

The deposition of energy is considered equivalent to internal
heat generation :

Qi(x,t) = Ei(v)gi(t), 0 < x < a, t > 0 (7)
Q2(z,0 - E*(x)g*(t), a < x < 6, t > 0 (8)

As discussed, the time duration of deposition is small com-
pared with a characteristic mechanical response time. Thus,
it will be assumed that the time dependence can be adequately
described by the delta function.

Since thermal conduction has been neglected, the deter-
mination of the temperature from Eq. (6) requires only the
initial value of 0. Thus, the spatial distribution of tempera-
ture is specified completely by the heat generation. Here the
initial temperature excess is taken as zero. Hence,

Oi(x,G) = 0, 0 < x < a (9)
02(z,0) = 0, a < x < b (10)

The mechanical boundary conditions are those of traction-
free surfaces at x = 0,6. They are

<7,i (0,0 = 0, t > 0 (11)
and

(7,2(6,0 = 0, . t > 0 (12)
where the subscripts 1 and 2 refer to the appropriate region.
Using Eq. (3), Eqs. (11) "and (12) become, respectively,

(X + 2/i)1[&u1«M)/fcc] - (3X + 2/»)iai0i«M) = 0,
t > 0 (13)

and
(X + 2/i)2[dw2(&,0/ete] - (3X + 2M)2«202(6,0 = 0,

t > 0 (14)
Continuity of normal stress and displacement must hold at
the interface. Thus,

(X )i d < ^ - (3X + 2M)iai0i(a,0 =

(X + 2M)2 (3X M), t > 0 (15)

Mi(a,0 = ^2(^,0, 2 > 0 (16)
The mechanical initial conditions are those for a quiescent
media, namely

wi(a?,0) = 0, 0 < x < a (17)
^2(^0) = 0, a < x < b (18)

dwi(z,0)/& = 0, Q < x < a (19)
<>U2(x,Q)/<)t = 0, a < x < b (20)

Eqs. (5), (6), and (11-20) completely specify the problem.
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Solution
Transform Problem

The Laplace transform is used to suppress time in the afore-
mentioned equations. The Laplace transform of a quantity
will be denoted by an asterisk, for example,

= L[f(x,t)]

The corresponding inverse transform is

/OM)
Br

f*(r- <J \JU}o

(21)

(22)

where s is the transform parameter and Br is the Bromwich
contour in the right half of the s-plane. The transforms of
Eqs. (5) and (6), after applying the initial conditions, are

**(*,«) = [Qi*(*,»)/(pS)I]l/«, 0 < x < a (23)
02*(z,s) = [Q2*(z,s)/(pS)2]l/s, a < x < b (24)

- — ui*(x,8) = Ai

- — u2*(x,s) = A2

dx

dx
where

c* = (X + 2,0,/p,, (f = 1,2)

0 < x < a (25)

a < x < b (26)

(27)
A, = [(3X + 2/0<«<]/(X + 2/0;, (i = 1,2)

Transforming the boundary and continuity conditions, Eqs.
(13-16) yield

[dui*(Q,8)/dx] - Ai0i*(0,«) = 0 (28)
[du,*(b,s)/dx] - A202*(6,z) = 0 (29)

[du^fa^/dx] — AiBi*(djS) =• Az[duz*((i)s)/dx] —
A /» sk / \ /o/v\

J\4U2 (CL,8) (oU;

MI*(O,«) = tii*(a,«) (31)
where

(32)

Delta function time dependence is taken in Eqs. (7) and (8)-
With this, Eqs. (23) and (24) become

Q *//« «\ nTf f~\ l( O\ 11 In. f\ ^" /» ^ n /OO\t/i (XjS) — \JtLi\X)/\pb)\Jl/S, U ^ X <. Ci \3&)

Bz*(x,s) = [E*(x)/(pS)*W*, a<x <b (34)
where Ei(x) and -#2(z) are the total energy distributions per
unit volume deposited in layers 1 and 2, respectively. In
general, for electromagnetic energy with a wavelength spec-
trum, the depth of penetration increases with decreasing wave-
length. This effect can be approximated by taking the energy
distribution functions as a sum of exponential functions, i.e.,

Ei(x)
M

E2(x) =

(35)

a<x <b (36)

For convenience, a solution will be obtained for a one-term
representation of Eqs. (35) and (36). More general solutions
are obtained by superposition. The total energy distributions
are

E*(x) = E&-y*x-a

With this Eqs. (33) and (34) are

6i*(x,8) = [J0i6-

a < x < b (38)

0 < x < a (39)
a < x < b (40)

With the transformed temperatures known, the problem is re-
duced to solving Eqs. (25) and (26), subject to the boundary
and continuity conditions (28-31).

Solution of the Transform Problem

The solutions of Eqs. (25) and (26) are

(41)

(42)

where E(s), F(s), G'(s), and H(s) are determined from the
boundary and continuity conditions.

The transformed stresses may be expressed in terms of these
coefficients. Transforming Eq. (3) gives
<Txi*(x,s) = (X + 2fjL)i[dui*(x,s)/dx] — (3X + 2/Oia10i*(#,s)

(43)
Using Eq. (39) and Eq. (41) gives the transformed stress as

(pS)i

= (X

1 _
J

- (44)

Similarly

= (X

1
)J

T («)

Once the coefficients j&, T'7, G, and /f have been determined,
the stresses are obtained from the inversion of Eqs. (44) and
(45).

The calculation of these coefficients is algebraically lengthy.
Although for brevity the details, which may be found in Ref.
9, are omitted here, the success of the present method depends
upon the form in which these coefficients are expressed.
When the system of equations obtained from the boundary
and continuity conditions is solved, the coefficients appear in
fractional form. The denominator is simply the determinant
of the coefficients of the system of equations. After some
manipulation this denominator can be expanded in an ex-
ponential series. WThen the coefficients are introduced into
Eqs. (44) and (45) in this expanded form, the transformed
stresses can be expressed as a sum of a number of terms, each
term in the form of an exponential series.

The complete expressions for the transformed stresses are
given in Ref. 9. A typical term in these expressions is

(pS)i
0 < x < a (37) (46)
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where

Fig. 2 £-r solution space.

+ [(6 - a)/c2], ft = 2a/ci
(47)

=
ft = (2a/ci) + [2(6 - a)/c2], ft = 2(6 - o)/c,

The symbol S represents a summation operator defined as

IVi/
where z2i is the ratio of the acoustic impedance of media two
to media one, i.e.,

= P2C2/P1C1 (49)

The essential feature of Eq. (46) is that each term is a simple
algebraic function of s times a series of exponentials.

Inverse Transform

The inverse transforms of Eqs. (44) and (45) are obtained
by using the shift property of the Laplace transform, i.e.
L-l[f(8)e-+8] = F(t - 4>)H(t - 0), where 0 is a positive
constant, H (t — 0) is the shifted step function defined by

H(t - /O, t«t>\
\1, t><t>J

and F(t) is the inverse transform of /(s). The functions for
which inverse transforms are needed in evaluating Eqs. (44)
and (45) are of the form 1/s, l/(s2 - a2), and l/s(s2 - 62).
They are listed in any standard book on operational calculus,
for example, Ref. 10.

It is convenient to introduce the nondimensional quantities:
£ = x/a, r = (ci/a)t, I\ = 7ia, T2 - y^a

M£,T) = cr,i(x,0/[(3X + 2/*)iai#i/(pS)i]
<r&(M = o-,2(»,0/[(3X + 2M)2a2^2/(p/S)2]

(50)
r = Ci/c2, ft = b/a

K = [(3X + 2M)2a2/(3X + 2^1a1]{[E2/(pS^]/[E1(pS)1]}

^ = p*,(JMr,P,Q, (P = 1,2; q = 1,. - .10).
where p$q is listed in the Appendix. With the abbreviations
ch and sh denoting, respectively, the hyperbolic cosine and
sine, the inverse transform of Eqs. (44) and (45) are

(1

(r _

(1 + *2l)

~ (r - i$4) - ch -2 (r -

S j!e-ri [cMVr - i$5) + 221 shFi(r -
(1 + ^21)*H(,-

sa -i

. r , .ch — (T — +

„ , , -1) fl + sh- (T -(.1 + 221) L r

n ^ , S !(.1 + 221) I -r'

fsh y (r - !*,) - ch y (r - !*,)! J H(r - 1*9) -

S L-r' [chlMr - 1*10) + 221 shri(r - 1*10)] -
(1 + an)

K [sh ̂  (T - i$10) + ch ̂  (T -

(51)

-r(£2

Fig. 3 Energy deposi-
tion distribution for

example problem.

5 = 1.5,l.25jr i=r2=2jr=7.35,'Z21=0.2
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222i chri(r " 2

-r2(/*-D ch (r - 2

-i) ch L» (T _
(1 + 22i)

(1 + 22i)

[ r2 r222i~1 sh — (r — 2$4) — ch — (r —

221

(1 + 221)

r1 sh - (r - 2$5) + ch -f (r - 23>5) I } H(r - ,

222l

+ 221)
-r.<0-i) cn _2 (r _

-» ch (r -
(1 + 22i) r

221

221)
[chri(r -

K ̂ r1 sh ̂  (r - 2<S>9) - ch ̂ 2 (r - 2*9)] j H(r - 2<f>9) -

22i

221)

K I 221-! sh ~ (r - 2<f>10) + ch -' (r - 2$10) | } X>])
2*10) - Ke-T^-» ch - r (52)

Discussion of Solution

The solution for the stress as given by Eqs. (51) and (52)
has a simple and convenient interpretation. There are in
each of these equations eleven terms. Ten of these contain
the unit step function and consequently make no contribution
unless their argument is positive. The argument of these
step functions differ by integral multiples of the time required
for a dilation wave to traverse a given layer. Thus, as time
proceeds, the various terms can be identified in a systematic
manner as reflected waves. If the values of p$q in Eqs. (51)
and (52) are displayed in a £-r solution space, a typical re-
sult is shown in Fig. 2. In this diagram, particular values of
b/a = 1.33 and Ci/c2 = 4 have been used.

The method of determining the stresses <7$i and cr^2 as a
function of r for a particular value of £ is shown best by an
example. A typical value £ is indicated by the dashed line
a, 6, c, . . . in Fig. 2. At point a the only nonzero term of Eq.
(51) is the last one when r = 0+. Because of the delta func-
tion time dependence for the heat generation rate, the stress
jumps to a finite value at r = 0+. At point 6, a value of r
slightly smaller than i<f>4 (0,0,0), a^i is still given by the last
term of Eq. (51). At r ~ c, a jump in stress is given by the
fourth term of Eq. (51) by virtue of the positive argument of
the step function H(r - i<f>4). From points c to d there are
two noDzero terms, the tenth and the fourth. At point e, the
sixth term creates a second jump because of the positive argu-
ment of the step function H(r — i$6). Between points e and
/there are three nonzero terms, the tenth, the fourth, and the
sixth. As the time T increases, successive step functions be-
come nonzero and the corresponding terms multiplied by

Fig. 4 £-T solution space for example with 0 = 1.5; pa-
rameters are given in Fig. 3.

them make a contribution. In each term, the series is evalu-
ated for the values of,;, k, and / associated with the particular
p$q in question. For example, the value of the series 2 for
the term corresponding to i$4 (0,0,0) is 1; for the term cor-
responding i$4(l,0,0) it is (1. — 22i)/(l '+ 221), and for the
term corresponding to i$4(0,0,l) it is —(1 — 22i)/(l + 22i).

Calculating the stress as a function of the spatial coordinate
£ for a fixed value of T is accomplished in a similar way. The
<r$ stress at £ = 1 (bond stress) may be calculated from either
Eq. (51) or Eq. (52) by virtue of the continuity of a$ at £ = 1.

Numerical Examples

The case of the homogeneous slab of finite thickness was
discussed in Ref. 2 and that of the homogeneous half-space
was presented in Ref. 3. These cases may be obtained from
the previous analysis as limiting cases. The examples con-
sidered here will be for the two-layer media.

The parameters used for the numerical example are shown
in Fig. 3. The wave-speed ratio and the specific acoustic
impedance ratio are sufficiently different to show a wide range
of effects. The ratio of energy absorption at £ = 1 expressed
by (Ei/E2)t=i is taken to be 0.4, with the other parameters
chosen to give the value of K = 0.57. The £-r solution
space for a value of ft = 1.5 is shown in Fig. 4. The maxi-
mum nondimensional tensile stress in the front layer is 0.43
and occurs at £ = 0.5~, due to the tensile jump of unit mag-
nitude across T = i<f>6 (0,0,0). In this case, the stress jump
across r = i$4 (0,0,0) is compressive and hence, combines to
give a substantially reduced tensile stress at £ = 0.5. Figure
5 shows the stress at £ = 0.1-0.4, £ = 0.5" and at £ = 0.5+.
Figure 6 shows the stress at £ = 0.5 (which is not the location
of maximum tensile stress) as well as the bond stress at £ = 1.

Changing the thickness ratio ft may have a significant
effect. Decreasing ft will create the possibility of a higher
peak tensile stress in the front layer. The magnitude of the
increase depends upon the value of ft. Fig. 7 shows the £-r
solution space for ft = 1.25. In the front layer the jump
across T = i4?3 (0,0,0) at £ = 0.5 now occurs at r = 2.33.
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+ 0.5-

-0.5--N s

+ 0.5-

-0.5--

-1.0-- r=7.35,

Fig. 5 Nondimensional stress vs nondimensional time for
example. £ = 0.5 is the middle plane of front layer.

This creates a substantial difference in the maximum tensile
stress there. Figure 8 shows the stress at £ = 0.5 and the
bond stress at J = 1 for this case. The peak tensile bond
stress has been sngificantly increased in the time interval r

Summary and Conclusions

The transient mechanical response of a layered media due
to impulsive energy deposition has been analyzed. The

+ 0.5--

Fig. 7 £-r solution space for example with /3 = 1.25;
parameters are given in Fig. 3.

media is formed by two elastic, homogeneous and isotropic
plane layers joined by an interface molecular bond. A one-
dimensional formulation has resulted from nelgecting in-plane
strain components. The equations of linear thermoelas-
ticity, assuming temperature independent properties, have
been solved retaining inertia and neglecting thermomechani-
cal coupling and heat conduction.

A solution for the stresses has been developed which is valid
for all values of time. The present investigation provides a

+0.5-

P = 7.35 ,0 = 1.5 ,£ = 0-5

Fig. 6 Nondimensional stress vs nondimensional time for
example. £ = 0.5 is midplane of front layer (top); £ = 1 is

bond plane (bottom).

+0.3-

-0.5

Fig. 8 Nondimensional stress vs nondimensional time for
example. £ = 0.5 is midplane of front layer (top); £ = 1

is bond plane (bottom).
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systematic method of accounting for multiple reflections in
the media.

The magnitude of the maximum stress in the layer material
and at the bond line depends on the thickness and wave-speed
ratios of the layered media for given energy deposition func-
tions. The maximum layer stress (or bond stress) depends

markedly upon the manner in which the generated stress
waves combine to either reinforce or cancel. This suggests
that a stress optimization procedure may be developed in a
specific application. This may be of particular importance
where the material is subject to brittle fracture caused by
excessive tensile stress.

Appendix : Values of p$g given by Eq. (50)

1*2 =

1*5
1*6
1*7
!*8
1*9
1*10

= [1 + r(j8 -
= [1 + r(0 -

[1 + r(0 -
2; + 2fc[l
[1 + r(0 -
[1 + r(0 -
[1 +-r(|8 -
[1 + r(|8 -

2*3
2*4
2*5

[1 + r(j8
[1 + r(j8
[1+ r(j8

2*7 = [1 + r(|8
2*8 = [1 + r(j8
2*9
2*10

[1 + K0
[1 + r(|8

1)] + 2j
1)] + (2j +
'!)] + 2; +
1)] + 2j +
1)] + 2y +
r(0 - 1)]

1)1 + (2/ -
1)] + 2; +
1)] + 2j +
1)] + 2; +
1)] + 2/ +
1)] + 2; +
1)] + 2; +
.1)] + 2; +
1)] + 2/ +
1)] + 2f +
1)1 + 2; +
1)] + 2/ +
1)1 + 2/ +
1)] + 2/ +

2k[l + r(0 - 1)]
1) + 2fc[l + r(/3 - 1)] + (21 - l)r(0 - 1)

+ r(/3 - 1)] + 2lr(/3 - 1) - £
+ r(|8 - 1)] + (21 - l)r(0 - 1) - £

2fc[l + r(0 - 1)] + (2Z + l)r(|8 - 1) - £

1) + 2/b[l +
2£[1 + r(0 -
2k[l + r(0 -
2fc[l + r(|9 -

2k[l + r(/8
+ r(j8
+ r(/3
+ r(|8

2A;[1 + r(j8
2k[i + r(j8

r(0 -
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +
1)] +

1)] + (2/ + l)r(0 - 1) + £
2lr(p - 1) + £
(21 - l)r(/3 - 1) + £
(21 + I)r(j8 - 1) + £

2lr(/3 - 1) - 1 + r - r£
- 1) + 1 + r - r?
- 1) + 1 + rj8 - r£
- 1) - 1 + r/3 - r£

2lr(/3 - 1) - fj9 + r£
2lr(/3 - 1) + 1 - r + r£

- 1) - l - r + r£
- 1) + 1 - r/3 + r£

2lr(0 - 1) - 1 - r/3 + r£
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